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Abstract
We present proofs for a number of identities that are needed to study the
superintegrable chiral Potts model in the Q # 0 sector.

PACS numbers: 02.20.Uw, 05.50.+q, 64.60.De, 75.10.Hk, 75.10.Jm

1. Introduction

The integrable N-state chiral Potts model is defined through a solution of the star-triangle
equations parametrized by a Fermat-type curve of genus greater than one [1, 2]. In spite
of this difficulty, eigenvalues of the transfer matrix have been obtained using functional
equations [3, 4]. There are now detailed results for free energies, interfacial tensions and
excitation spectra [5-9]. As far as the correlation functions are concerned, not much is known
beyond the order parameter [10, 11] and some limited partial results on the leading asymptotic
behavior of pair correlation functions from conformal field theory and finite-size corrections
[12]. Further progress requires the knowledge of eigenvectors of the transfer matrix and form
factors.

In order to proceed, two recent approaches have been proposed, both starting by studying
eigenvectors of the 7, model [3, 4]. The first approach [19-25] begins with the B, (A) element of
the monodromy matrix of the t, model, diagonalizing it for fixed boundary conditions. Using
the B, (X)) eigenvectors further results are found for the 7, transfer matrix and commuting
spin chain Hamiltonians, with the most explicit results for the finite-size N = 2 Ising case.
The other (our) approach is to start from the superintegrable 7, model with periodic boundary
conditions in order to find eigenvectors of the N-state chiral Potts model.

In our two previous papers [13, 14]* we have expressed the transfer matrices of the
superintegrable chiral Potts model for the O = 0 ground state sector—with Q the spin shift
quantum number and length L a multiple of the number N of states for each spin—in terms of

3 All equations in [13] or [14] are denoted here by prefacing I or II to their equation numbers.
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generators of simple sl, algebras, which generate the corresponding degenerate eigenspace of
72(t,). The 72(#,) used in our papers are directly obtained from the chiral Potts model and are
different from those of Nishino and Deguchi [16, 17]. However, as they are related [17, 18],
one can easily follow the procedure of [16] to obtain the corresponding loop algebra L(sl5),
which can be decomposed into » = (N —1)L /N simple sl, algebras [14]. Thus, we found 2"
chiral Potts eigenvectors for Q = 0.

For the Q # 0 cases, the situation is more difficult, and not much is known about the
eigenvectors in the published literature*, except that some related investigation on the six-
vertex model at roots of unity has been done in [15]. As can be seen from e.g. (I.47) in
[13] and (45) of the follow-up [18] of this paper, there are different ways to construct the
eigenvectors of the degenerate eigenspaces of 7(#,). It is highly nontrivial, therefore, to
determine the generators of the loop algebra L(sl;).

We propose that (I.66) and (I1.68) for Q = 0 can be generalized to Q # 0 cases as

(QUE, 5 =—(B20/A8) D (X" G y({n;}. 2, 0). (1)

0<n; <N-1)
nytetnp =N

ElolQ) = (B0/AG)ze D @ TGUn)zoling)). (@)
(0 <N-1)
nytetnp =N
where z; 5, G, and GQ shall be defined later in the paper. If such a generalization is valid,

or, in other words, if the E$ o are indeed the generators of sl, algebras, then it is necessary
that

(Q|Ek Q™ 'm, QlQ) _(SkVH<Q|H]?|Q> = Sk,m- (3)

In this paper we shall prove this orthogonality relation, which is used in [18] to find generators
of an L(sl,) loop algebra for Q # 0. For Q = 0, this proof is not necessary, but can be seen
as added confirmation that the decomposition of the loop algebra to sl,’s is correct.

The results of this paper are used in [18] for the case of the superintegrable chiral Potts
model with periodic boundary conditions, L a multiple of N and QO # 0. It should be
remarked that the results of this paper also apply to cases with L not a multiple of N, but in
the thermodynamic limit L — oo one can ignore these cases. Finally, as the identities in this
work may also be related to combinatorics, this paper will be presented with details using a
self-contained presentation.

2. Drinfeld polynomials and other definitions

In (1.40), we have considered the polynomial

N)L L(N—1)

L N-
on =[] Z = 1_t)L = > o, )
j=1 n;j=0

m=0
whose coefficient c¢,, is the number of L-dimensional vectors {n;} = {n,...,n.} with
elements that are integers n; = 0, ..., N — 1 satisfying the condition ny +---+n; = m. In

4 Tarasov [26] has written the Bethe Ansatz eigenvectors of the special superintegrable 7> transfer matrix with vertical
rapidities p = p’ for general Q. However, due to the high level of degeneracy of the corresponding eigenvalues, he
could not give the related chiral Potts eigenvectors.

2



J. Phys. A: Math. Theor. 43 (2010) 025203 H Au-Yang and J H H Perk

this paper, Q denotes a nonnegative integer less than N. The Drinfeld polynomial Py (z) is
defined in (I.11) and can be expressed in terms of the c,, as

Po(2) = ¢y +CN+Qz+--~+chN+szQ

L 0N~ o —0 0a (1 =1M)"
—1y= —Qa to?) = —Qa , 5
;w Qtw") Z o O
where
mgo=[(N—1)L/N—Q/N]|, w = eV =1V, (6)
We have also defined in (I1.60) and (I1.61) the L-fold sums
LT /] j—1
nj+n; .
Km({nj}) = Z 1_[ , ! @"iNi s Nj = ne, (7)
o<, <v-n j=1 L nj i (=1
n/1+~--+n/L:m
L T 7] L
_ n; +n. W N _
E.mh= > I R PR Ni= Y n. ®)
o<, <v-n j=1 L nj i {=j+1
n/]+~--+n/L:m
where the w-binomial coefficients [27] are defined by
ml=1+---+0"}, (n]! = [n][n —1]---[1],
n [n]! (@ @), " -
= = , : = 1 —xw/™). 9
M = = @y, o Sem=[l0-xeh o

j=1

We remove the constraint n} + --- +n}, = m in (7) by inserting [] 1" within the L-fold
summation and summing over m from 0 to (N — 1)L. Next we use

[n + r] — (_l)rwm'+r(r+l)/2 [N_ 1 _n] , (10)
r r
> [S} (=)@ V2x" = (x; ), (11)
r=0 r
see (10.2.2¢) in [27], to perform each of the L sums, noting [i] = 0 forr > s. After using
1 —xVN 1 —xVN
ooy = 0D o UTY)  whe), = (6 @),
()C; a))x+1 (1 - x)(xa); a))x
L
1_[ (to'™; @)y, = (t; O)yytoin, = (& O)N,, Ny =0, Nj+n; =N, (12)
j=1

we obtain the resulting generating function for Ny =ny+---+ny, = kN as

L
glin.n = =" [T —re™)™, (13)
j=1
which is also given in (I.62). The condition /| + - - - + n}, = m in (7) means that K,,({n;}) is
the coefficients of #” in the expansion of g({n;}, 1), i.e.
(N—1)L—kN

gn}.y=" > Ku(nhe". (14)

m=0
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In the same way, we can derive the gener_ating function of K,,({n ;1. We end up with an
equation like (13) where N; is replaced by N; = kN — N, so that

(N—1)L—kN
gn). =Y Ku(nht" =g(n;}.0)", (15)
m=0

which is the complex conjugate of (14) when ¢ is real.

In the special case ny =--- =n; =0, we have k =0, and it can be seen from (7) that
N; =0 for all j. Comparing (13) with (4), we find g({0}, t) = g({0}, 1) = Q(z). This also
means that K,,({0}) = K,, {0}) =c},,.

In (I1.63) and (I1.64) we have defined the polynomials

N—1 mo—k
Gonj},2) = N2 w0 %g(n;}, te") = Y Kunso(n;H",
a=0 m=0
N—1 mo—k
Golnj}, ) =N 0 ®g(in;}, 10") = ) KunsoUn;Hz". (16)
a=0 m=0

The polynomials (16) correspond to (14) and (15) in the same way as (5) relates to (4), and
for Q = 0, they are related to the generators Ei of a direct sum of sl, algebras [14]. We shall
show that they satisfy the following orthogonality relation for all Q.

3. Main theorem and other identities

Theorem. Let the roots of the Drinfeld polynomial Py(z) given in (4) be denoted by z; o,
forj=1,...,mgp,ie

nmo no
Pox) =Y A2 = A2 []G—z.0- A =c,nip (17)
m=0 j=1
Then the polynomials (16) satisfy the orthogonality relation
> Golnihzig) Golns} 2kg) = —Bibi . (18)
(0<n; <N-1)
ny+etng =N

where By is a constant given by

2
By = Zk,Q(A,%Q) H(Zk,Q — 20.0)* (19)
£k
When this orthogonality identity holds for any Q, then (I1.66)—(I1.69) can be generalized
to Q # 0. Originally we used Maple to check it for N and L small, and found that it indeed
holds. Here we shall present a proof by first proving a few lemmas.

Definition. Let uj and X be integers satisfying 0 < uj, A; < N—1,forj=1,...,L, and
let

I

>
o~

S
<

1

>
o~

J—1 L j
aj=Y e a=y m b bj (20)
=1

f=j+1 =1 t=j+1
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Then I, ({1t ;}; {A;}) is the L-fold sum depending on m, {1} and {A;} and defined by

L
il fnj+a; nja;— n;b;
Lo({) ) (1)) = Z H|: 1] |: J ' J:| @"i@i=Nnib; (21)
10<n; <N-1) j=1 nj nj
ny+Ang =m
where Nj is defined in (7).

We find that the following identities hold.

Lemmal. Forui+---+ur =£¢N + Q, we find
(i) l.f)\.1+"-+)\.L=Q,l‘h€I’l

Bl ) = () 22)
(i) if A + -+ = nN + O, then

Il G1) = (€ = )+ Tn(g): (), (3)

(i) O = T (0031 L), (4
o ({ie)5 D51 = (€= T (01 (1) + T (3 (D), ©5)
where
Lu({A)s ) = ( > }ﬁl[’?;;] |:ni;j/‘«ji| Wi Bi—Npnja; 26)

P

Proof. First, it is trivial to show >~ n;N; = 3", n;N;, so that forn +---+n, =m
L v B L o B L B ) L )
;nj j_E;nj( i+ j)_ijzz;nj(m—nj)_i m —;nj
Substituting this into (21) and using (9) and (10), we rewrite (21) as

T ), (0" @)y,

L
m A2 (® na(L +b))
D" Ly b= Y ] o (htiiHa D)) 27)
ey o (@5 @) (@5 )
nytetng =m
Its generating function can be written as a product of L sums
L ar+1
m lﬂ‘lz m
[17:®=> (=" L({u;}: (1;he". Ar =1+ L
j=1 m=0
2 —. 1+4;. _
Ji(t) = Z (@73 @)y, (@™ )y, (tw%+ﬂ,i+a,f+bf)n,f’ (28)
! = (@ 0), (@ 0),,
J—

where the polynomial J;(¢) is a basic hypergeometric function. The transformation formula
(10.10.2) of [27] can be rewritten here as
qcfb

c

c—a

&

a b
2D [qq’.q ;q,x} = ("X @ eba 2P [q ;q,q‘”bCX} : 29)
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Then, setting g = rw and letting r 1 1 in (29), we obtain

—j 1+A;
50 =0 st |
1+/,Lj 7)»j
((1)2+)\ +aj+bjt C()) Y ZCDI I:w L:)a) W, t(l)2+)\ +aj+b i| (30)
From (20), we find that
ar =0, aj+u;=aj, ary1 =LN + 0,
Z)Q:)\.1+~-~+)\L=I’EN+Q, Bj"')‘-j:l_)j—l’ l_JLZO, (31)
()‘-j+l taje + l_)_l'+1) — ()\./ +aj+ B/) =Mn; — )\.j. (32)
Using (31), (32) and the second identity in (12), we find
L -
1_[(602+)» +a/+b/t w),u,j A (w§+but; w)aL“_[;U
j=1
= (@t )y, = (1 +£Y)0. (33)
The generating function of the sums (26) is given by
L
i) = Z( D" Ty ({0 (s De™,
j=1 m=0
_ I+ —Aj
Ji0) = @, [“’ ", tw bR, } (34)
in analogy with (28). Then using (30), (33) and (34), we find
1_[] 1) =1+ ”HJ (t). (35)

j=1

By equating the coefficients of #" on both sides of (35), we relate the sums 1,, and I,,.
Particularly, for by = O, n = 0, we can see from (34) that the generating function of L, is a
polynomial of order Q and that the coefficient of " can only come from the factor in front.
Furthermore, as (—1)*V 2®V)* = 1, this proves (22). For n # 0, by equating the coefficients
of #¥ in (35), we prove (23). Finally, (24) and (25) are proved equating the coefficients of +*V
and N~ in (35). O

As a consequence of lemma 1, we can prove the following identities.

Lemma 2. The sums K, ({n;}) and l_(,,,({nj}) defined in (7) and (8) satisfy the following
relations:

_ L+k
UMDY KWQ({n,})KQ({n,-}):( . )A?Aﬁk, A2 = cuneo: (36)

0<n; <N-1)
ny+otnp =kN

(i) Y Keveo(nj)Kmneo((n; })—Z(Z+1+2n—m>AQ WAL - (37)
{0<nj <N—1} n=0
ny+-tny =N
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Proof. Denote

Omc= Y. KiveoUnHKunso(n)). (38)
(0<nj <N=1)
ny+-dnyp =kN
Using (7) and (8), we find
L l
Otk = [1 [nj . nj] [nj y M] W, (39)
nj n;j

(ong,n‘,-.u’f <N-1) j=1

ny+etnp =kN

where
N;:Zn; N;, =nj+--+n, =IN+Q,
i<j
_ _ (40)
bj:Z)\.j, b0=)\1+-~-+)»L=mN+Q.
i>j

In order to apply (21) we change the L summation variables n’] owu; =n;+ n’j Since
n; < N, we find that the summand in (39) is nonzero if and only if u; < N. Also,
apy1 = 1+ -+ up = €+ k)N + Q. Thus, we may rewrite (39) as

Oumi= ) Do Ik D). (41)

0<pj<N=1} (02 SN-1)
py+tpp =E+N+Q  Ay+e+hp =mN+Q

Now we let m = 0 and using (22) with £ replaced by £ + k, we find

L+k L+k
Oox= . 2 ( L )=< ¢ )AﬁkAoQ, (42)

O<pj<N-1} (02 SN-1)
et =(CHN+Q  dp++rp =0

where K,,n+0({0}) = cunig = A,% is used. This proves (36).
Choosing k = 1 in (41) and using (23) with € replaced by ¢ + 1, we find

Oumi = (+1—mAZAZ+ > > Iv(agh fud)
OuG<KN=-1) (03 <N-1)
et =(+H)N+Q  Ap+-+hp =mN+Q
=(+1—m)AZ AL +Opi 11, (43)

where we have used (39) with k = 1 after first replacing A; by A; +n; and 1 ; by n’j in (26).
Note that summands with A; < n; in (26) or with A; +n; > N in (39) vanish. We next apply
(43) to ®y41.m—1,1 and repeat the process until arriving at ® ., 0.1. Then we can use (36) with
k = 1 to obtain (37). J

Remark. Substituting n = m — j, we may rewrite (37) as

m

Ot =Y (L+1+m—2))AAL . (44)
j=0
Now we are ready to prove the orthogonality theorem.
Proof. Asin (I1.72), we introduce the polynomial
@@= Y Golnihzo)Goling), 2. (45)
(00 <N-1)
ny+etngp =N
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Substituting (16) with k = 1 into this equation, we find

mgflmgfl
RlGo) = 3. . thodls Y. KeveoUn;HKuneo(ins). (46)
=0 m=0 (0<nj<N-1)
ny+etnp =N
Now we use lemma 2(ii) or (44) to write
mo—1mgp—1
hk (zi,0) = Z Z 2. QZZQE:(€+m+1—2])AQAgrm+l e 47)
=0 m=0

Interchanging the order of summation over m and j, and then lettingm =n+j — £ — 1, we
find

mo—1mgo—1mo+l—j

NlGo) = ) D0 D Hodd (= DATAL. (48)

=0 j=0 n=t+1

Since A2 = 0 for n > my, the intervals of summation may be extended to 0 < £, j < my.
We split the summation over n into three parts as’

mo ¢ Mo mo

o =Y (—Q) SISy S e pa2agz “9)
=0 <0 j=0 | n=0 n=0 n=mgo+l—j+1

The contribution due to the first part is identically zero, as it is antisymmetric under the

interchange of the summation variables j and n. The terms with j < £ of the third part are

zero, as AQ = 0 for n > m, leaving the nontrivial terms

mo mo mo mo
Z Z (I’l—J)AQAQ n+jl=Z Z (l’l—J)AQAQ n+jl

J=t+1 n=mo+l—j+l1 n={+1 j=mQ+an+1
mo

> Z (j—mA?ALL Y =0, (50)

Jj=t+1 n=mgo+l—j+1
Here the first equality is obtained by interchanging the order of the summations, the second
by interchanging n and j. This shows that the third part is also identically zero.
We split the second part into two pieces with summands proportional to n and to j. In the
first piece we can perform the sum over j, which by (17) yields a factor Py (z; o). This shows
that the only nonvanishing contribution comes from the second piece, or

mo z ¢ mo mg mg z 4
th(Zi,Q)_Z< kQ) ZZJAQAQ T3S GACAL 1Z(ﬂ>

=0 j=0 n=0 j=0 n=0 {=n %i.0

(S
We first consider the case zx, 9 # zi, ¢, 80 that the last sum can be evaluated to give
mg mg ] k.0 2.0 mo+l1
e @) = T JAPARZY ( ) (—) =0, (52
T - Q/Zz Q)Z(‘:;‘: ¢ Zi,0 Zi.0

as seen again from (17) after summing over n. Finally, we consider the case zx, 9 = z;,¢, SO
that the last sum is (mg — n + 1) leading to

mgo mgo mo
heGro) =Y Y JAIALL S mp—n+ )= -z | > jA%, | . (53)
j=0 n=0 j=0

5 Note that it follows from (4) and (5) that none of the zZi,o vanishes.

8
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after using (17) to show that the (;m¢ + 1) terms do not contribute. We use (17) once more to
show

nmo
’ . i d
P =3 jate T = Al | [[e-zo+c-uo[le-z0 |- (54)
j=0 Jj#k J#k

Consequently, we have

no
. j— 2
D A, = AL [[Gro =210 Meo) =z%0(A2,) [ [Gro — 207  (55)
Jj=0 J#k J#k
This is identical to By in (19). Thus, we have finished the proof. (Il

We note that we have not used the assumption that all roots z; ¢ for given L and Q are
distinct. The theorem holds also if there is a multiple root zj, ¢, for which By = 0. However,
there is substantial numerical evidence that the roots may all be distinct and we shall assume
this for the following corollary of the theorem.

The degree of polynomial (45) is mp — 1, as can be seen from (16) with k = 1, whereas
polynomial (II.10) [14, 28],

mo—1
Z— 2y, n
Ro=]—""2=> 8L 1o =5 (56)
P e

is of the same degree and has the same roots. These polynomials must be equal except for
some multiplicative constant. Using the orthogonality theorem, we find the identity

hl@) = -Bife@ = —2.0(A2,) [[1Gro —2e0)@ —2e0).  (57)
O£k

valid when all roots are distinct.
Finally, we can also introduce the polynomials

R@= Y Goln)ag)Golin;l. 2). (58)

0<n; <N-1}
ny+tnyp =N

Since the roots zx ¢ are real, FLkQ (z) is the complex conjugate of th (z) for real z. But by (57)
we see that th (z) is real in that case, so that

he () =hl @), if z € R. (59)
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