
Identities in the superintegrable chiral Potts model

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

2010 J. Phys. A: Math. Theor. 43 025203

(http://iopscience.iop.org/1751-8121/43/2/025203)

Download details:

IP Address: 171.66.16.157

The article was downloaded on 03/06/2010 at 08:48

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/1751-8121/43/2
http://iopscience.iop.org/1751-8121
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


IOP PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND THEORETICAL

J. Phys. A: Math. Theor. 43 (2010) 025203 (10pp) doi:10.1088/1751-8113/43/2/025203

Identities in the superintegrable chiral Potts model

Helen Au-Yang1,2 and Jacques H H Perk1,2

1 Department of Physics, Oklahoma State University, 145 Physical Sciences, Stillwater,
OK 74078-3072, USA
2 Centre for Mathematics and its Applications & Department of Theoretical Physics,
Australian National University, Canberra, ACT 2600, Australia

E-mail: perk@okstate.edu and helenperk@yahoo.com

Received 19 July 2009, in final form 22 September 2009
Published 10 December 2009
Online at stacks.iop.org/JPhysA/43/025203

Abstract
We present proofs for a number of identities that are needed to study the
superintegrable chiral Potts model in the Q �= 0 sector.

PACS numbers: 02.20.Uw, 05.50.+q, 64.60.De, 75.10.Hk, 75.10.Jm

1. Introduction

The integrable N-state chiral Potts model is defined through a solution of the star-triangle
equations parametrized by a Fermat-type curve of genus greater than one [1, 2]. In spite
of this difficulty, eigenvalues of the transfer matrix have been obtained using functional
equations [3, 4]. There are now detailed results for free energies, interfacial tensions and
excitation spectra [5–9]. As far as the correlation functions are concerned, not much is known
beyond the order parameter [10, 11] and some limited partial results on the leading asymptotic
behavior of pair correlation functions from conformal field theory and finite-size corrections
[12]. Further progress requires the knowledge of eigenvectors of the transfer matrix and form
factors.

In order to proceed, two recent approaches have been proposed, both starting by studying
eigenvectors of the τ2 model [3, 4]. The first approach [19–25] begins with the Bn(λ) element of
the monodromy matrix of the τ2 model, diagonalizing it for fixed boundary conditions. Using
the Bn(λ) eigenvectors further results are found for the τ2 transfer matrix and commuting
spin chain Hamiltonians, with the most explicit results for the finite-size N = 2 Ising case.
The other (our) approach is to start from the superintegrable τ2 model with periodic boundary
conditions in order to find eigenvectors of the N-state chiral Potts model.

In our two previous papers [13, 14]3 we have expressed the transfer matrices of the
superintegrable chiral Potts model for the Q = 0 ground state sector—with Q the spin shift
quantum number and length L a multiple of the number N of states for each spin—in terms of

3 All equations in [13] or [14] are denoted here by prefacing I or II to their equation numbers.
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generators of simple sl2 algebras, which generate the corresponding degenerate eigenspace of
τ2(tq). The τ2(tq) used in our papers are directly obtained from the chiral Potts model and are
different from those of Nishino and Deguchi [16, 17]. However, as they are related [17, 18],
one can easily follow the procedure of [16] to obtain the corresponding loop algebra L(sl2),
which can be decomposed into r = (N−1)L/N simple sl2 algebras [14]. Thus, we found 2r

chiral Potts eigenvectors for Q = 0.
For the Q �= 0 cases, the situation is more difficult, and not much is known about the

eigenvectors in the published literature4, except that some related investigation on the six-
vertex model at roots of unity has been done in [15]. As can be seen from e.g. (I.47) in
[13] and (45) of the follow-up [18] of this paper, there are different ways to construct the
eigenvectors of the degenerate eigenspaces of τ2(tq). It is highly nontrivial, therefore, to
determine the generators of the loop algebra L(sl2).

We propose that (II.66) and (II.68) for Q = 0 can be generalized to Q �= 0 cases as

〈�|E−
m,Q = −(

β
Q
m,0

/
�

Q
0

) ∑
{0�nj �N−1}
n1+···+nL=N

〈{nj }| ω
∑

j jnj ḠQ({nj }, zm,Q), (1)

E+
k,Q|�〉 = (

β
Q
k,0

/
�

Q
0

)
zk,Q

∑
{0�nj �N−1}
n1+···+nL=N

ω− ∑
j jnj GQ({nj }, zk,Q)|{nj }〉, (2)

where zk,Q, GQ and ḠQ shall be defined later in the paper. If such a generalization is valid,
or, in other words, if the E±

m,Q are indeed the generators of sl2 algebras, then it is necessary
that

〈�|E−
k,QE+

m,Q|�〉 = −δk,m〈�|HQ
k |�〉 = δk,m. (3)

In this paper we shall prove this orthogonality relation, which is used in [18] to find generators
of an L(sl2) loop algebra for Q �= 0. For Q = 0, this proof is not necessary, but can be seen
as added confirmation that the decomposition of the loop algebra to sl2’s is correct.

The results of this paper are used in [18] for the case of the superintegrable chiral Potts
model with periodic boundary conditions, L a multiple of N and Q �= 0. It should be
remarked that the results of this paper also apply to cases with L not a multiple of N, but in
the thermodynamic limit L → ∞ one can ignore these cases. Finally, as the identities in this
work may also be related to combinatorics, this paper will be presented with details using a
self-contained presentation.

2. Drinfeld polynomials and other definitions

In (I.40), we have considered the polynomial

Q(t) =
L∏

j=1

N−1∑
nj =0

tnj = (1 − tN )L

(1 − t)L
=

L(N−1)∑
m=0

cmtm, (4)

whose coefficient cm is the number of L-dimensional vectors {nj } = {n1, . . . , nL} with
elements that are integers nj = 0, . . . , N − 1 satisfying the condition n1 + · · · + nL = m. In

4 Tarasov [26] has written the Bethe Ansatz eigenvectors of the special superintegrable τ2 transfer matrix with vertical
rapidities p ≡ p′ for general Q. However, due to the high level of degeneracy of the corresponding eigenvalues, he
could not give the related chiral Potts eigenvectors.
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this paper, Q denotes a nonnegative integer less than N. The Drinfeld polynomial PQ(z) is
defined in (I.11) and can be expressed in terms of the cm as

PQ(z) = cQ + cN+Q z + · · · + cmQN+Q zmQ

= N−1t−Q

N−1∑
a=0

ω−QaQ(tωa) = N−1t−Q

N−1∑
a=0

ω−Qa (1 − tN )L

(1 − ωat)L
, (5)

where

mQ ≡ 	(N − 1)L/N − Q/N
, ω ≡ e2π i/N , z ≡ tN . (6)

We have also defined in (II.60) and (II.61) the L-fold sums

Km({nj }) =
∑

{0�n′
j
�N−1}

n′
1+···+n′

L
=m

L∏
j=1

[
nj + n′

j

n′
j

]
ωn′

j Nj , Nj =
j−1∑

=1

n
 , (7)

K̄m({nj }) =
∑

{0�n′
j
�N−1}

n′
1+···+n′

L
=m

L∏
j=1

[
nj + n′

j

n′
j

]
ωn′

j N̄j , N̄j =
L∑


=j+1

n
 , (8)

where the ω-binomial coefficients [27] are defined by

[n] ≡ 1 + · · · + ωn−1, [n]! ≡ [n] [n − 1] · · · [1],[
n

n′

]
≡ [n]!

[n′]! [n−n′]!
= (ω1+n−n′ ;ω)n′

(ω;ω)n′
, (x;ω)n ≡

n∏
j=1

(1 − xωj−1). (9)

We remove the constraint n′
1 + · · · + n′

L = m in (7) by inserting
∏

tn
′
j within the L-fold

summation and summing over m from 0 to (N − 1)L. Next we use[
n + r

r

]
= (−1)rωnr+r(r+1)/2

[
N−1−n

r

]
, (10)

s∑
r=0

[
s

r

]
(−1)rωr(r−1)/2xr = (x;ω)s, (11)

see (10.2.2c) in [27], to perform each of the L sums, noting [ s

r
] = 0 for r > s. After using

(xωs+1;ω)N−1−s = (1 − xN)

(x;ω)s+1
= (1 − xN)

(1 − x)(xω;ω)s
, (x;ω)s (ωsx;ω)r = (x;ω)r+s ,

L∏
j=1

(tω1+Nj ;ω)nj
= (t;ω)n1+···+nL

= (t;ω)NL+1 , N1 = 0, Nj + nj = Nj+1, (12)

we obtain the resulting generating function for NL+1 = n1 + · · · + nL = kN as

g({nj }, t) = (1 − tN )L−k

L∏
j=1

(1 − tωNj )
−1

, (13)

which is also given in (II.62). The condition n′
1 + · · · + n′

L = m in (7) means that Km({nj }) is
the coefficients of tm in the expansion of g({nj }, t), i.e.

g({nj }, t) =
(N−1)L−kN∑

m=0

Km({nj })tm. (14)

3
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In the same way, we can derive the generating function of K̄m({nj }). We end up with an
equation like (13) where Nj is replaced by N̄j = kN − Nj+1, so that

ḡ({nj }, t) =
(N−1)L−kN∑

m=0

K̄m({nj })tm = g({nj }, t)∗, (15)

which is the complex conjugate of (14) when t is real.
In the special case n1 = · · · = nL = 0, we have k = 0, and it can be seen from (7) that

Nj = 0 for all j . Comparing (13) with (4), we find g({0}, t) = ḡ({0}, t) = Q(t). This also
means that Km({0})=K̄m({0})=cm.

In (II.63) and (II.64) we have defined the polynomials

GQ({nj }, z) = N−1t−Q

N−1∑
a=0

ω−Qag({nj }, tωa) =
mQ−k∑
m=0

KmN+Q({nj })zm,

ḠQ({nj }, z) = N−1t−Q

N−1∑
a=0

ω−Qaḡ({nj }, tωa) =
mQ−k∑
m=0

K̄mN+Q({nj })zm. (16)

The polynomials (16) correspond to (14) and (15) in the same way as (5) relates to (4), and
for Q = 0, they are related to the generators E±

m of a direct sum of sl2 algebras [14]. We shall
show that they satisfy the following orthogonality relation for all Q.

3. Main theorem and other identities

Theorem. Let the roots of the Drinfeld polynomial PQ(z) given in (4) be denoted by zj,Q,
for j = 1, . . . , mQ, i.e.

PQ(z) =
mQ∑
m=0

�Q
mzm = �Q

mQ

mQ∏
j=1

(z − zj,Q), �Q
m ≡ cmN+Q. (17)

Then the polynomials (16) satisfy the orthogonality relation∑
{0�nj �N−1}
n1+···+nL=N

ḠQ({nj }, zi,Q)GQ({nj }, zk,Q) = −Bkδik , (18)

where Bk is a constant given by

Bk = zk,Q

(
�Q

mQ

)2 ∏

 �=k

(zk,Q − z
,Q)2. (19)

When this orthogonality identity holds for any Q, then (II.66)–(II.69) can be generalized
to Q �= 0. Originally we used Maple to check it for N and L small, and found that it indeed
holds. Here we shall present a proof by first proving a few lemmas.

Definition. Let μj and λj be integers satisfying 0 � μj , λj � N − 1, for j = 1, . . . , L, and
let

aj =
j−1∑

=1

μ
, āj =
L∑


=j+1

μ
, bj =
j−1∑

=1

λ
, b̄j =
L∑


=j+1

λ
. (20)

4
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Then Im({μj }; {λj }) is the L-fold sum depending on m, {μj } and {λj } and defined by

Im({μj }; {λj }) ≡
∑

{0�nj �N−1}
n1+···+nL=m

L∏
j=1

[
μj

nj

] [
nj + λj

nj

]
ωnj (aj −Nj )+nj b̄j , (21)

where Nj is defined in (7).

We find that the following identities hold.

Lemma 1. For μ1 + · · · + μL = 
N + Q, we find

(i) if λ1 + · · · + λL = Q, then

IkN({μj }; {λj }) =
(




k

)
; (22)

(ii) if λ1 + · · · + λL = nN + Q, then

IN({μj }; {λj }) = (
 − n) + ĪN ({λj }; {μj }), (23)

I
N({μj }; {λj }) = ĪnN ({λj }; {μj }), (24)

I
N−N({μj }; {λj }) = (
 − n)ĪnN({λj }; {μj }) + ĪnN−N({λj }; {μj }), (25)

where

Īm({λj }; {μj })=
∑

{0�nj �N−1}
n1+···+nL=m

L∏
j=1

[
λj

nj

] [
nj + μj

nj

]
ωnj (b̄j −N̄j )+nj aj . (26)

Proof. First, it is trivial to show
∑

j njNj = ∑
j nj N̄j , so that for n1 + · · · + nL = m

L∑
j=1

njNj = 1

2

L∑
j=1

nj (Nj + N̄j ) = 1

2

L∑
j=1

nj (m − nj ) = 1

2

⎛
⎝m2 −

L∑
j=1

n2
j

⎞
⎠ .

Substituting this into (21) and using (9) and (10), we rewrite (21) as

(−1)mω
1
2 m2

Im({μj }; {λj })=
∑

{0�nj �N−1}
n1+···+nL=m

L∏
j=1

(ω−μj ;ω)nj
(ω1+λj ;ω)nj

(ω;ω)nj
(ω;ω)nj

ωnj (
1
2 +μj +aj +b̄j ). (27)

Its generating function can be written as a product of L sums

L∏
j=1

Jj (t) =
aL+1∑
m=0

(−1)mω
1
2 m2

Im({μj }; {λj })tm, aL+1 = μ1 + · · · + μL;

Jj (t) =
μj∑

nj =0

(ω−μj ;ω)nj
(ω1+λj ;ω)nj

(ω;ω)nj
(ω;ω)nj

(tω
1
2 +μj +aj +b̄j )nj , (28)

where the polynomial Jj (t) is a basic hypergeometric function. The transformation formula
(10.10.2) of [27] can be rewritten here as

2�1

[
qa, qb

qc
; q, x

]
= (qa+b−cx; q)c−b−a 2�1

[
qc−a, qc−b

qc
; q, qa+b−cx

]
. (29)

5
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Then, setting q = rω and letting r ↑1 in (29), we obtain

Jj (t) = 2�1

[
ω−μj , ω1+λj

ω
;ω, tω

1
2 +μj +aj +b̄j

]

= (ω
1
2 +λj +aj +b̄j t;ω)μj −λj

2�1

[
ω1+μj , ω−λj

ω
;ω, tω

1
2 +λj +aj +b̄j

]
. (30)

From (20), we find that

a1 = 0, aj + μj = aj+1, aL+1 = 
N + Q,

b̄0 = λ1 + · · · + λL = nN + Q, b̄j + λj = b̄j−1, b̄L = 0, (31)

(λj+1 + aj+1 + b̄j+1) − (λj + aj + b̄j ) = μj − λj . (32)

Using (31), (32) and the second identity in (12), we find

L∏
j=1

(ω
1
2 +λj +aj +b̄j t;ω)μj −λj

= (ω
1
2 +b̄0 t;ω)

aL+1−b̄0

= (ω
1
2 +b̄0 t;ω)
N−nN = (1 + tN )
−n. (33)

The generating function of the sums (26) is given by

L∏
j=1

J̄j (t) =
b̄0∑

m=0

(−1)mω
1
2 m2

Īm({λj }; {μj })tm,

J̄j (t) = 2�1

[
ω1+μj , ω−λj

ω
;ω, tω

1
2 +λj +aj +b̄j

]
, (34)

in analogy with (28). Then using (30), (33) and (34), we find

L∏
j=1

Jj (t) = (1 + tN )
−n

L∏
j=1

J̄j (t). (35)

By equating the coefficients of tm on both sides of (35), we relate the sums Im and Īm.
Particularly, for b̄0 = Q, n = 0, we can see from (34) that the generating function of Īm is a
polynomial of order Q and that the coefficient of tkN can only come from the factor in front.
Furthermore, as (−1)kNω

1
2 (kN)2 = 1, this proves (22). For n �= 0, by equating the coefficients

of tN in (35), we prove (23). Finally, (24) and (25) are proved equating the coefficients of t
N

and t
N−N in (35). �

As a consequence of lemma 1, we can prove the following identities.

Lemma 2. The sums Km({nj }) and K̄m({nj }) defined in (7) and (8) satisfy the following
relations:

(i)
∑

{0�nj �N−1}
n1+···+nL=kN

K̄
N+Q({nj })KQ({nj }) =
(


 + k

k

)
�

Q
0 �

Q

+k, �Q

m = cmN+Q; (36)

(ii)
∑

{0�nj �N−1}
n1+···+nL=N

K̄
N+Q({nj })KmN+Q({nj }) =
m∑

n=0

(
 + 1 + 2n − m)�
Q
m−n�

Q

+1+n. (37)

6
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Proof. Denote

�
,m,k ≡
∑

{0�nj �N−1}
n1+···+nL=kN

K̄
N+Q({nj })KmN+Q({nj }). (38)

Using (7) and (8), we find

�
,m,k =
∑

{0�λj ,nj ,n′
j
�N−1}

n1+···+nL=kN

L∏
j=1

[
n′

j + nj

nj

] [
nj + λj

nj

]
ωnj (N

′
j +b̄j ), (39)

where

N ′
j =

∑
i<j

n′
i , N ′

L+1 = n′
1 + · · · + n′

L = 
N + Q,

(40)
b̄j =

∑
i>j

λj , b̄0 = λ1 + · · · + λL = mN + Q.

In order to apply (21) we change the L summation variables n′
j to μj = nj + n′

j . Since
nj < N , we find that the summand in (39) is nonzero if and only if μj < N . Also,
aL+1 = μ1 + · · · + μL = (
 + k)N + Q. Thus, we may rewrite (39) as

�
,m,k =
∑

{0�μj �N−1}
μ1+···+μL=(
+k)N+Q

∑
{0�λj �N−1}

λ1+···+λL=mN+Q

IkN({μj }; {λj }). (41)

Now we let m = 0 and using (22) with 
 replaced by 
 + k, we find

�
,0,k =
∑

{0�μj �N−1}
μ1+···+μL=(
+k)N+Q

∑
{0�λj �N−1}
λ1+···+λL=Q

(

 + k

k

)
=

(

 + k

k

)
�

Q

+k�

Q
0 , (42)

where KmN+Q({0}) = cmN+Q = �Q
m is used. This proves (36).

Choosing k = 1 in (41) and using (23) with 
 replaced by 
 + 1, we find

�
,m,1 = (
 + 1 − m)�
Q

+1�

Q
m +

∑
{0�μj �N−1}

μ1+···+μL=(
+1)N+Q

∑
{0�λj �N−1}

λ1+···+λL=mN+Q

ĪN ({λj }, {μj })

= (
 + 1 − m)�
Q

+1�

Q
m + �
+1,m−1,1, (43)

where we have used (39) with k = 1 after first replacing λj by λj + nj and μj by n′
j in (26).

Note that summands with λj < nj in (26) or with λj + nj > N in (39) vanish. We next apply
(43) to �
+1,m−1,1 and repeat the process until arriving at �
+m,0,1. Then we can use (36) with
k = 1 to obtain (37). �

Remark. Substituting n = m − j , we may rewrite (37) as

�
,m,1 =
m∑

j=0

(
 + 1 + m − 2j)�
Q
j �

Q

+1+m−j . (44)

Now we are ready to prove the orthogonality theorem.

Proof. As in (II.72), we introduce the polynomial

h
Q
k (z) ≡

∑
{0�nj �N−1}
n1+···+nL=N

ḠQ({nj }, zk,Q)GQ({nj }, z). (45)

7
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Substituting (16) with k = 1 into this equation, we find

h
Q
k (zi,Q) =

mQ−1∑

=0

mQ−1∑
m=0

z

k,Qzm

i,Q

∑
{0�nj �N−1}
n1+···+nL=N

K̄
N+Q({nj })KmN+Q({nj }). (46)

Now we use lemma 2(ii) or (44) to write

h
Q
k (zi,Q) =

mQ−1∑

=0

mQ−1∑
m=0

z

k,Qzm

i,Q

m∑
j=0

(
 + m + 1 − 2j)�
Q
j �

Q

+m+1−j . (47)

Interchanging the order of summation over m and j , and then letting m = n + j − 
 − 1, we
find

h
Q
k (zi,Q) =

mQ−1∑

=0

mQ−1∑
j=0

mQ+
−j∑
n=
+1

z

k,Qz

n+j−
−1
i,Q (n − j)�

Q
j �Q

n . (48)

Since �Q
n = 0 for n > mQ, the intervals of summation may be extended to 0 � 
, j � mQ.

We split the summation over n into three parts as5

h
Q
k (zi,Q) =

mQ∑

=0

(
zk,Q

zi,Q

)
 mQ∑
j=0

⎡
⎣ mQ∑

n=0

−

∑

n=0

−
mQ∑

n=mQ+
−j+1

⎤
⎦ (n − j)�

Q
j �Q

n z
n+j−1
i,Q . (49)

The contribution due to the first part is identically zero, as it is antisymmetric under the
interchange of the summation variables j and n. The terms with j � 
 of the third part are
zero, as �Q

n = 0 for n > mQ, leaving the nontrivial terms
mQ∑

j=
+1

mQ∑
n=mQ+
−j+1

(n − j)�
Q
j �Q

n z
n+j−1
i,Q =

mQ∑
n=
+1

mQ∑
j=mQ+
−n+1

(n − j)�
Q
j �Q

n z
n+j−1
i,Q

=
mQ∑

j=
+1

mQ∑
n=mQ+
−j+1

(j − n)�
Q
j �Q

n z
n+j−1
i,Q = 0. (50)

Here the first equality is obtained by interchanging the order of the summations, the second
by interchanging n and j . This shows that the third part is also identically zero.

We split the second part into two pieces with summands proportional to n and to j . In the
first piece we can perform the sum over j , which by (17) yields a factor PQ(zi,Q). This shows
that the only nonvanishing contribution comes from the second piece, or

h
Q
k (zi,Q) =

mQ∑

=0

(
zk,Q

zi,Q

)
 mQ∑
j=0


∑
n=0

j�
Q
j �Q

n z
n+j−1
i,Q =

mQ∑
j=0

mQ∑
n=0

j�
Q
j �Q

n z
n+j−1
i,Q

mQ∑

=n

(
zk,Q

zi,Q

)


.

(51)

We first consider the case zk,Q �= zi,Q, so that the last sum can be evaluated to give

h
Q
k (zi,Q) = 1

1 − (zk,Q/zi,Q)

mQ∑
j=0

mQ∑
n=0

j�
Q
j �Q

n z
n+j−1
i,Q

[(
zk,Q

zi,Q

)n

−
(

zk,Q

zi,Q

)mQ+1
]

= 0, (52)

as seen again from (17) after summing over n. Finally, we consider the case zk,Q = zi,Q, so
that the last sum is (mQ − n + 1) leading to

h
Q
k (zk,Q) =

mQ∑
j=0

mQ∑
n=0

j�
Q
j �Q

n z
n+j−1
k,Q (mQ − n + 1) = −zk,Q

⎡
⎣ mQ∑

j=0

j�
Q
j z

j−1
k,Q

⎤
⎦

2

, (53)

5 Note that it follows from (4) and (5) that none of the zi,Q vanishes.
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after using (17) to show that the (mQ + 1) terms do not contribute. We use (17) once more to
show

P ′
Q(z) =

mQ∑
j=0

j�
Q
j zj−1 = �Q

mQ

⎛
⎝ ∏

j �=k

(z − zj,Q) + (z − zk,Q)
d

dz

∏
j �=k

(z − zj,Q)

⎞
⎠ . (54)

Consequently, we have

mQ∑
j=0

j�
Q
j z

j−1
k,Q = �Q

mQ

∏
j �=k

(zk,Q − zj,Q), h
Q
k (zk,Q) = zk,Q

(
�Q

mQ

)2 ∏
j �=k

(zk,Q − zj,Q)2. (55)

This is identical to Bk in (19). Thus, we have finished the proof. �

We note that we have not used the assumption that all roots zi,Q for given L and Q are
distinct. The theorem holds also if there is a multiple root zk,Q, for which Bk = 0. However,
there is substantial numerical evidence that the roots may all be distinct and we shall assume
this for the following corollary of the theorem.

The degree of polynomial (45) is mQ − 1, as can be seen from (16) with k = 1, whereas
polynomial (II.10) [14, 28],

f
Q
k (z) =

∏

 �=k

z − z
,Q

zk,Q − z
,Q

=
mQ−1∑
n=0

β
Q
k,nz

n, f
Q
k (zj,Q) = δj,k, (56)

is of the same degree and has the same roots. These polynomials must be equal except for
some multiplicative constant. Using the orthogonality theorem, we find the identity

h
Q
k (z) = −Bkf

Q
k (z) = −zk,Q

(
�Q

mQ

)2 ∏

 �=k

[(zk,Q − z
,Q)(z − z
,Q)], (57)

valid when all roots are distinct.
Finally, we can also introduce the polynomials

h̄
Q

k (z) ≡
∑

{0�nj �N−1}
n1+···+nL=N

GQ({nj }, zk,Q)ḠQ({nj }, z). (58)

Since the roots zk,Q are real, h̄
Q

k (z) is the complex conjugate of h
Q
k (z) for real z. But by (57)

we see that h
Q
k (z) is real in that case, so that

h̄
Q

k (z) = h
Q
k (z), if z ∈ R. (59)
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